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Oh ' Abstract 

< 

The convergence to non-diffusive self-similar solutions is investigated for non-negative 

solutions to the Cauchy problem dtu = ApU -\- iVnl"^ when the initial data converge 

to zero at infinity. Sufficient conditions on the exponents p > 2 and q > 1 are given 

that guarantee that the diffusion becomes negligible for large times and the L°°-norm 

of u{t) converges to a positive value as t ^ cxd. 

>' 

^ : 1 Introduction 

C^ I The quasilinear degenerate parabolic equation 

OO AT 

O. (1-1) dtu = ApU+\\/u\'' , (t,x) e Qoo := (0,cx)) X M^ 



includes two competing mechanisms acting on the space variable x, a degenerate diffusion 
ApU involving the p-Laplacian operator defined by 

ApU := div (I Vm|P"2 Vm) , p > 2 , 

and a source term |Vm|'^, g > 1, depending solely on the gradient of u. The aim of this 
work is to identify a range of the parameters p and q for which the large time behaviour of 
non-negative solutions to (11 .ip is dominated by the source term. More precisely, we consider 
the Cauchy problem and supplement (11. ip with the initial condition 



;i.2) m(0)=Mo>0, xE 



bN 
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Throughout the paper, the initial condition uq is assumed to fulfill 

(1.3) uo G Co(M^) n 1^^'°°(M^) , no>0, % ^ , 
where 

Co{R^):=\weBC{R^) : lim sup {\w{x)\} = 

[ ^^°°{\x\>R} 

and BC(R^) := C(R^) H L°°(M^). 

For such an initial condition, the Cauchy problem (11. ip . (11.21) has a unique non- negative 
(viscosity) solution u G BC{[0,oo) x M^) (see Proposition 12.11 below). Moreover, t i — > 
||w(t)||oo is a non-increasing function and has a limit Moo G [0, ||tio||oo] as t ^ oo. Our main 
result is then the following: 

Theorem 1.1 Assume that p > 2 and q G (l,p)- Consider a non-negative function Uq 
satisfying (11.31) and let u he the corresponding (viscosity) solution to (II. ip . (II. 2p . Assume 
further that 

(1.4) Moo:= lim ||M(t)||oo>0. 

Then 

(1.5) lim ||M(t)-/ioo(t)||oo = 0, 

where h^ is given by 

(1.6) /ioo(t,x):=/7oo(^) ant/ H^{x) := {M^ - ^, \x\'^/^''-'^)^ 
for (t,x) G Qoo and 7^ := (g - 1) g-^/C^-i). 

Here and below, r+ := max {r, 0} denotes the positive part of the real number r. 

The convergence (11.51) clearly indicates that the large time behaviour of non-negative so- 
lutions to (II. ip . (I1.2p fulfilling the condition (II. 4p is governed by the gradient source term. 
Indeed, /Iqo is actually a self-similar solution to the Hamilton-Jacobi equation 

(1.7) dth=\Vh\'^ , (t,x)GQoo, 
and an alternative formula for hoo reads 

(1.8) hoo{t,x) = sup <^ Moo l{o}(2/) - Iq — .i/(a~i) r 



for {t,x) G [0,00) X R^, Ijo} denoting the indicator function of the singleton set {0}. 
The formula (ll.Sp is the well-known Hopf-Lax-Oleinik representation formula for viscosity 
solutions to (I1.7P (see, e.g., [lOl Chapter 3]) and hoo turns out to be the unique viscosity 
solution in BUC{Q 00) to (I1.7P with the bounded and upper semi continuous initial condition 

/ioo(0,x) = l{o}(a;) for x eR^ 



Remark 1.2 The convergence f ll.Sp also holds true for the viscosity solution to the Hamilton- 
Jacobi equation (11.71) with a non-negative initial condition Uq G Co(M^) but with ||uo||oo in- 
stead of Moo in the formula (11.61) giving Hao- For (11.11) . (11.21) . the constant M^ takes into 
account that, though negligible for large times, the diffusion erodes the supremum ofu during 
the time evolution. 

For p = 2, Theorem 11.11 is also valid and is proved in [7], the proof relying on a rescaling 
technique: The crucial step is then to identify the possible limits of the rescaled sequence 
and this is done by an extensive use of the Hopf-Lax-Oleinik representation formula. The 
proof we perform here is of a completely different nature and relies on the relaxed half- 
limits method introduced in [5]. A similar approach has been used in [21] and [22] to 
investigate the large time behaviour of solutions to first-order Hamilton- Jacobi equations 
dtw + H{x, Vw) = in Qoo- It has also been used in [19] to study the convergence to non- 
diffusive localized self-similar patterns for non-negative and compactly supported solutions 
to dtW — ApW + |Vw|'' = in Q^o when p > 2 and g G (l,p — 1). 

In order to apply Theorem II. 1^ one should check whether there are non-negative solutions 
to (II. ip . (11.21) for which (ll.4p holds true. The next result provides sufficient conditions for 
f iLiP to be fulfilled. 

Theorem 1.3 Assume thatp > 2 andq > 1. Consider a non-negative function uq satisfying 
(ll.3p and let u be the corresponding solution to (II. ip . (11.21) . Introducing 

N 
(1.9) q.:=p- 



N +1 ' 
then u fulfills (iLip if 

(a) either q G (1, gj, 

(b) orqe {q^,p), Uq G W^^^{M.^), and 

(p-a)/'? 
(1.10) ||mo||oo > K,Q inf {ApMo(i/)} 

for some kq > which depends only on N , p, and q. 

A similar result is already available for p = 2 and has been established in [3 [T2]. The 
proof of Theorem 11.31 for g G {p — l,p) and p > 2 borrows some steps from the case p = 2. 
However, it relies on semiconvexity estimates for solutions to (II. ip . (11.20 which seem to be 
new for p > 2 and q G {l,p) and are stated now. 

Proposition 1.4 Assume that p > 2 and q G (l,p]- Let u be the viscosity solution to (11.10 . 
(I1.2p with initial condition Uq G BUC{M.^) (that is, Uq G BC{M.^) and is uniformly continuous 



in M^^. Then Vu(t) belongs to L'^{M.'^) for each t > and there is ki > depending only 
on N, p, and q such that 

(1.11) Apu{t,x)>-K, \\u{s)\\^Z-'^/'' {t-s)-P/\ t>s>0, 

in the sense of distributions. In addition, if uq G iy^'°°(M^), there holds 



(1.12) Apu(t,x)> 

for t > in the sense of distributions. 



Nip-1) WWuoWl 



oo 



g(g-l) t 



The proof of Proposition 11.41 relies on the comparison principle combined with a gradient 
estimate established in [6]. 

Similar semiconvexity estimates for solutions to (II. ip . (11.21) have already been obtained in 
[11] and [201 Lemma 5.1] for p = g = 2, in [3, Proposition 3.2] for p = 2 and q G (1, 2], and in 
[HI Theorem 1] ior p = q > 2. We extend these results to the range p > 2 and q G (l,p]- As 
we shall see below, the estimate (II. lip plays an important role in the proof of Theorem 11.31 
and is also helpful to construct a subsolution in the proof of Theorem 11.11 

Let us finally emphasize that the validity of Proposition II. 4l is not restricted to non- negative 
solutions and that the solutions to the Hamilton- Jacobi equation (II. 7p also enjoy the semi- 
convexity estimates (II. lip and (I1.12p . These two estimates thus stem from the reaction term 
\\/u\'^ and not from the diffusion. 

In the next section, we recall the well-posedness of (II. ip . (I1.2p in BUC{R'^), as well as some 
properties of the solutions established in [6]. We also show the finite speed of propagation of 
the support for non-negative compactly supported initial data. Section [3] is devoted to the 
proof of the semiconvexity estimates (Proposition 11.40 and Section H] to that of Theorem ll.il 
Theorem 11.31 is shown in the last section, its proof combining arguments of [3, [121 [H] used 
to established analogous results when p = 2. 

Throughout the paper, C and Cj, i > 1, denote positive constants depending only on p, g, 
and N. Dependence upon additional parameters will be indicated explicitly. Also, A^Ar(]R) 
denotes the space of real- valued N x N matrices and 6ij = 1 ii i = j and 6ij = if z 7^ j, 

i ^ i,j ^ N. Given a matrix A = {aij) G Al7v(I^); tr[A) denotes its trace and is given by 
tr{A) := Y.O'ii- 



2 Preliminary results 

Let us first recall the well-posedness (in the framework of viscosity solutions) of (11.10 . (II. 2p . 
together with some properties of the solutions established in [6]. 



Proposition 2.1 Consider a non-negative initial condition uq G BV(C{M.^). There is a 
unique non-negative viscosity solution u G i3C([0, oo) x M^) to (11.11) . (11. 2p such that 

(2.1) < M(t,x) < ||mo||oo, {t,x)eQoo, 

(2.2) ||Vn(t)|L<min{Ci ||n(s)||V« (t - s)-iM|Vn(.)|U} , 
and 

(2.3) / {u{t,x)-u{s,x)) ^{x) dx+ / (|Vm|p~Vm- V^-|Vm|'? ^) rfxdr = 
/or t > s > and 'd G C^(]R^). /n addition, t i — i> ||M(t)||oo is a non-increasing function. 

Proof. We put uq := ||mo||oo — uq- As uq is a non-negative function in BUC{M.'^), it follows 
from [6], Theorem 1.1] that there is a unique non-negative viscosity solution u to 

(2.4) dtu - ApU + \Vu\'' = , (t, x) G Qoo := (0, oo) X M^ , 

with initial condition u{0,x) = uq{x) for x G M^. It also satisfies < u{t,x) < ||uo||oo and 

/ {u{t,x)-u{s,x)) ^{x) dx+ / {\Vu\P~^Wu-V^+\\/u\'^ ^) dxdT = 

for t > s > 0, X G M^, and ^ G C;^(M^). In addition, Vu(t) belongs to L°°(M^) for each 
t > and 

||v^(t)||oo<Ci llnoll^" r^/^ 

by [HI Lemma 4.1]. Setting u := ||uo||oo — ^; we readily deduce from the properties of u that 
M is a non-negative viscosity solution to (11.11) . (11.21) satisfying (12. ip and (12. 3p . Also, Vu(t) 
belongs to L°°(R^) for each t > 0. The uniqueness and the time monotonicity of ||m||oo then 
both follow from the comparison principle, see [8] or [Til Theorem 2.1]. Finally, given s > 0, 
(t,x) I— s> ||m(s)||oo — u(t + s,x) is the unique non-negative viscosity solution to the Cauchy 
problem (12.41) with initial condition x t-^ ||m(s)||oo — 'u(s,x) and we infer from ^ Lemma 4.1] 
that 

||VM(t + s)||oo<Ci \\\\u{s)\\^-uis)\\]i'^ ri/^<Ci ||n(s)||^n-i/'? 

for t > 0, whence ([O]). □ 

We next turn to the propagation of the support of non- negative solutions to (II. ip . (11.21) 
with non-negative compactly supported initial data. 

Proposition 2.2 Consider a non-negative solution u to (II. ip . (11.20 with an initial condition 
Uq satisfying (11.31) . Assume further that uq is compactly supported in a hall B{0,Ro) ofR^ 
for some Rq > 0. Then u{t) is compactly supported for each t > 0. 



Proof. We argue by comparison with travelling wave solutions. By [131 Application 9.4], 
there is a travelling wave solution w to the convection-diffusion equation 

(2.5) dtw-dl{w''~^)+di{w'') = Q, (t,xi) G (0, oo) x M, 

with wave speed unity. It is given by w{t,Xi) = /(xi — t) for (t,Xi) G (0, oo) x R, the 
function / being implicitly defined by 

rf{y) ^p-3 

In particular, / satisfies /(y) = if y > and /(y) -^ 1 bs y -^ — oo. Introducing 

F{y):= f{z)dz, yGM, 

''y 

the properties of / ensure that F is a decreasing function on (— oo, 0) with F{y) = if y > 0, 
F{y) < \y\ if y < 0, and F{y) — > oo as y ^ — oo. There is therefore a unique /i G (— oo, 0) 
such that F{Rq + /i) = ||mo||oo- In addition, it readily follows from (12. 5p and the invariance 
by translation of (II. ip that Wfj,{t,x) := F{xi + fi — t) is a travelling wave solution to (II. ip . 
Now, u and W^ are both solutions to (ll.ip in (0, oo) x H^, the half-space if+ being defined 
by if+ := {a; G M^ : Xi > -Ro}- Owing to the monotonicity of F, the bound < / < 1, 
and (12. ip . we have also 

^o(x) - W^(0, y) = - 1^^(0, y) < W^{0, x) - W^{0, y) < \x - y\ 

for X G -?/+ and y G H^, 

u{t,x)-W^{t,y) < \\uo\\oo-Wf,{t,y) 

< F{Ro + ^-t)- W^{t, y) = W^{t, x) - W^{t, y)<\x- y\ 

for t > 0, a; G dH^, y G i/+, and 

u{t, x) - W^{t, y) < lluolloo - F{Ro + /i - t) < 

for t > 0, X G if+, y G dH^. We are then in a position to use the comparison principle 
stated in [HI Theorem 2.1] to conclude that u{t,x) < W^(t,x) for {t,x) G (0, oo) x H+. 
Consequently, u(t,x) < F{xi + fi — t)=Oiit>0 and xi > max{i?o, t — /i}, and the 
rotational invariance of (II. ip allows us to conclude that u{t, x) = for t > and |x| > 
inax{RQ,t — fi}. D 

We finally recall the convergence to self-similar solutions for non-negative and compactly 
supported solutions to the p-Laplacian equation [T7] 

(2.6) dtif = Apif , (t,x) G Qoo • 



Proposition 2.3 Let ipo be a non-negative and compactly supported function in L (R ) and 
ip denote the unique weak solution to (12.61) with initial condition ip^. Then 

(2.7) Y^^^{N{r-^))/{r{N{p-2)+p)) |U(t) _ ^^ (t) || =0 foT T G [1, Oo] , 

where Bl denotes the Barenhlatt solution to (12.61) given by 

BL{t,x) := t-^/mP-2)+p) f^^^^^~l/iNip-2)+p)^^ ^ 

for (t, x) e (0, 00) X R^ and L > 0. 

The convergence (12.71) is proved in [171 Theorem 2] for r = oo. As y^o is compactly sup- 
ported, so is (p{t) for each t > and the support oi(p{t) is included in B (O, C4{(po) ti/(^(p~2)+p)^ 
for t > 1 [T71 Proposition 2.2]. Combining this property with [TTl Theorem 2] readily provide 
the convergence (12.71) for all r G [1, oo). 



3 Semiconvexity 

In this section, we prove the semiconvexity estimates (II. lip and (I1.12p . To this end, we 
would like to derive an equation for ApU to which we could apply the comparison principle. 
The poor regularity of u however does not allow to perform directly such a computation and 
an approximation procedure is needed. As a first step, we report the following result: 

Lemma 3.1 Let a and b be two non-negative function in C°°([0, oo)) satisfying 

(3.1) a{r) > , a\r) > , a{r) b\r) - a{r) b"{r) > , 

fb'\ , , 4r [ay -o! b')(r) 
(3-2) c(r):=2 I - ) (r) + —\—-—-^ > . 

\aj a'^ir) -\- 2r a[r) a'[r) 

Consider a classical solution v to 

(3.3) dtv - div {a (I Vi;!') Vv) = b {\Vv\^) , (t, x) G Qoo , 

and put 

w := div (a (|Vt'p) Vi^) and Zi := a (|Vf p) diV 

/or i G {1, . . . , A^}. Then 

(3.4) dtw-Cw-V-S/w- \r w'^>^ m Qoo , 



where 

Cw := ^di{a{\Vv\'^) Eij djw) , V := 2 b' {\Vv\^) Vi 



a' 



.jV, 



H^ ■, 



Eij := 6ij + 2 - {\Vv\^) diV djV , l<i,3 <N . 

The proof of Lemma [3A] borrows some steps from the proof of [9l Theorem 1] for p = q > 2 
but requires additional arguments to handle the term coming from the fact that q y^ p- In 
particular, we recall the following elementary result which will be helpful to estimate this 
term. 

Lemma 3.2 Let A and B he two symmetric matrices in M.n{M) and put M := ABA. Then 
M is a symmetric matrix in A^Ar(]R) and 

(3.5) \MX\^ < tr (M^) \X\^ for X eR^ . 

Proof of Lemma 13.11 We first note that 

(3.6) djZi = a{\Vv\^) Y^Eikdkdj 

k 

(3.7) dtz, = a{\Vv\^) Y,E^k^k^t' 

k 

for 1 < i,j < N. According to the definition of w, we infer from 03.31) . (13.61) . and (13.71) that 
dtw = J];^, (a(|Vt;|') E^kdkdtv) 

i,k 
i,k 

= Cw + 2 ^9j (a6')(|Vr;p) E^k J^djV djdkv\ 

i,k \ j / 

= Cw + 2j2di ((a&')(|Vtf) d,v J^^ikdkdjv) 
i,j \ k J 

= Cw + 2 J29^ ((^] (|Vi;|') Zj djZ^ 

= Cw + A ^i-j {\Vvf) ^ dkv dkdiv Zj djZi 

i,j ^ ^ k 



i,j «j 



Since w = Yl diZi, the last term of the right-hand side of the above inequahty is equal to 
V ■ Vw and 



(3.8) dtw = Cw + V-Vw + A 

'h' 



b' 
a I — 

a 



|Vw|^) y^ djV dkV dkdjV d. 



jZi 



2 'ajd^^'H E^«^^-^: 



■jZi 



i.V 



On the one hand, introducing the matrix £ := (-Ey) and the Hessian matrix D'^v = (didjv) 
of V, we infer from fl3.6p that 

^diZj djZi = a^ {\Vv\^) ^ En, dkdjV Eji dA 
J^^iZj djZi = a^ {\Vvf) tr ({S D'^vf 



(3.9) 



«j 



On the other hand, using once more (13.61) . we obtain 

^^djV dkV dkdiV djZi = a (|Vfp) ^ djV dkV dkdiV En didj 



i,j,k 



i,j,k,l 



a (|Vw|^) ^ I ^didkV dkV J Eu I ^Y^didjV djV i 



(3.10) 2_j^^'" '^^^ dkdiV d 

i,j,k 



Zi = a 



j-^i 



\Wv\^) {Dh Vv,{£ Dh) Wv) . 



Inserting (13.91) and (I3.1QP in (13.81) . we end up with 

(3.11) dtW = Cw + V-Vw + 2 {ab'){\Vv\'^) tr({S Dhj) 

+ 4 (a b" - a' b') {\Vv\^) {Dh> Vv, {S Dh>) Vv) 

We next observe that 

(3.12) S Vv = (l + 2 \Vv\^ (-) (iV^^n ) ^'V 
and that, for X e M^, 

{£X,X) = \X\' + 2 (^\{\Vv\') {X,Vvy>\X\^ 



as a and a' are both positive by (13. ip . Consequently, £^ is a positive definite symmetric 
matrix in A^Ar(I^) and there exists a positive definite matrix £^1/2 such that £y^ = S. We 
then infer from the definition of S1/2, (I3.12p . and Lemma [3.21 (with A = S1/2, B = D^v and 
X = S'l Vv) that 



[D\ Vv, {S D\) Vv) = \{Si/2 D\) Vv]"^ 

((^1/2 D'v 8,12) EIJ2) V^ 



< tr (^1/2 Z^'t; ^1/2 ^1/2 ^'^' ^1/2) ie^lVv.E^^Vv 



< tr({S Dhf) {Vv,£~^ Vv) 



2 \2\ 1^7 |2 / 1 I r) |V7 \2 I ^ 



< tri^iSD'vY) \Vv\' il + 2\Vv\' l^]{\Vv\') 

Owing to the non-positivity (13. ip of a b" — a' b', we deduce from (13. lip and the above 
inequahty that 

2„,\2 



dtW>Cw + V-Vw + {a^ c) (|Vwp) tr ({£ D\) 



the function c being defined in (13.20 . We finally use the inequahty 

tr (A^) > ^ tr{A)\ A G A^jv(M) , 

the identity 

w = ^diZi = a (|Vt;p) tr [S D'^v) , 

i 

and the non-negativity (13. 2p of c to conclude that 

dtw > Cw + V-Ww + ^ {a^c){\Vv\^) tr {£ D'^vf 

c(|Vt;|2) , 

and complete the proof. D 

Proof of Proposition [T7^ To be able to use Lemma IXTj we shall first construct a suitable 
approximation of (11.10 . (II. 2p . Such a construction has already been performed in [6] for 
similar purposes and we recall it now. Given uq satisfying (II. 3p . there is a sequence of 
functions ('Uo,fc)fc>i such that, for each integer k > 1, Mo,fc G BC°^{M^), uq < Mo,fc+i < ""0,^5 
and (Mo,fc7 V-Uo,fc)fc converge towards (mq, Vmq) uniformly on every compact subset of M^ as 
k -^ 00. Next, for e G (0, 1) and r > 0, we set 

a,{r) := (r + £2)(p-2)/2 ^^^ ^^(^) _ ^^ ^ ^2)^/2 _ ^, _ 

10 



Then the Cauchy problem 

(3.13) dtUk,, = div (a, (|Vnfe,,p) Vn,,,)+6, (|Vnfc,,|2) , (t, x) G Qoo , 

(3.14) UkM = Uo,k + e\ xeM^, 

has a unique classical solution m^ j, the parameter u > depending p, q, and A^ and being 
appropriately chosen. Furthermore, 

(3.15) ||Vnfe,,(t)|U < ||Vno,fe||oo, t>0, 

(3.16) lim limufc^e(t, x) = u(t,x), 

fc— »oo e— >0 

the latter convergence being uniform on every compact subset of [0, oo) xM^, see [6l Section 3] 
(after performing the same change of unknown function as in the proof of Proposition 12. ip . 

Introducing 

/b'\ , , 4r (a, 6'' - a' h'Mr) 
Qr) = 2 M (r)+ Y J^ rrTTT' ^^0' 

let us check that a^ and h^ fulfill the conditions (13.11) and (13.21) . Clearly, a^ > and a^ > 
as p > 2. Next, since 1 < g < p, 

r(p — 1) + e"' ^ ^ 

We may then apply Lemma [3Jl to deduce that w^^e := div (a^ (|VMfc,£p) V-u/c,^) satisfies 

^ r ^; V7 CedVUfc.eP) 2 ^n 
dtWk^e - i-,k,eWk,e - yk,e ' yWk,e J^ Wk,e > 

in Qoo- Observe next that the condition 1 < q < p implies that q is a non-increasing 
function. It then follows from (13.151) that c^ (|VMfc,ep) > c^ (||Vmo,a:||L) ^^d we end up with 



CedlVuo, 



,|2 , 
kWoo) „,,2 



(3.17) dtWu^e - C-KeWk,e " Vk,e " ^Wk,e ' '" ^'"°^' W^, > 

in Qoo- Clearly, t i — > —N/ (q (|| Vmo,a;||L) ^) i^ a subsolution to (I3.17P and the comparison 
principle warrants that 

N 
(3-18) Wk,eit,x)> — ^"YT' {t,x)eQoo- 

Ce{\\^Uo,k\\L) t 

Letting e — > and A; — > oo in the previous inequality with the help of (I3.16P gives (11.120 . 



11 



Next, since (11 .ip is autonomous, we infer from (12.21) (with s = 0) and (11.121) that 

2N{p-l) ||Vn(t/2)||^-^ 



Ap-u(t,x) > 



> 



g(g-l) t 



whence (II. lip for s = 0. To prove the general case s G (0, t), we use again the fact that (11.11) 
is autonomous. D 

We have a similar result when uq is more regular. 



Corollary 3.3 Assume that p > 2 and q G {l,p]- Let u he the solution to (II. ip . (I1.2p with 
an initial condition Uq satisfying Uq G W'^'°°{M.^) in addition to (II. 3p . Then 



(3.19) 



in the sense of distributions. 



Apu{t,x) > 



inf ApMo(y) 



Proof. Keeping the notations introduced in the proof of Proposition 11.41 we readily infer 
from (13.171) and the comparison principle that 



(3.20) 



Wk,e(t,x) > - 



inf ApUo,fe(y) 



{t,x) G Qc 



Owing to the regularity of uq, it is possible to construct the sequence (Mo,fc)fc such that it 
satisfies 

lim inf ApMo,fc(y) = inf ApUo{y) ■ 



k—foo 



We may then pass to the limit first as e — > and then as /c -^ oo in (I3.20p and use (13.161) 
and the above convergence to complete the proof. D 



Another useful consequence of the semiconvexity estimates derived in Proposition [LJl is that 
the solution u to (II. ip . (II. 2p is a supersolution to a first-order Hamilton- Jacobi equation. 

Corollary 3.4 Consider an initial condition uq satisfying (11. 3p . Setting F{t,^o,C,) '■= ■Co ~- 
ICI^ + 1^1 ll^lllS"'^^^'^ t-P/'i for t G (0,oo), Co e ^, and ^ e R^ (recall that ki zs defined m 



(ll.lip )■ the solution u to (II. ip . (11.21) is a supersolution to F{t,dtW,\/w) = inQ^ 



Proof. We still use the notations introduced in the proof of Proposition 11.41 As Wk^t 
div {tts (iVufc.eP) Vtifc,e), we infer from (I3.13P and (I3.18P that 



dtUk,e-be (|VUfc,e|^) > 



N 



iVwo.fc 



llo) t 
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in QoQ- We then use fl3.16p and the stabihty of viscosity solutions [H [2], [8] to pass to the 
hmit as £ ^ and A; ^ oo in the previous inequahty and conclude that u is a supersolution 

to 

g(g-l) t 

Now, fix T > 0. As (11. ip is an autonomous equation, the function (t, x) i — > u{t + T, x) is 
the solution to (11. ip with initial condition u{T) and the above analysis allows us to conclude 
that M is a supersolution to 

g(g-l) t-T 

We then use (12. 2p (with T = t/2) to complete the proof. D 



4 Convergence to self-similarity 

We change the variables and the unknown function so that the convergence (II. 5p is trans- 
formed to the convergence towards a steady state. More precisely, we introduce the self- 
similar (or scaling) variables 

r = - log(l + t) 



and the new unknown function v defined by 

log(l+t) X , /. X ^ rn _„N .,^N 



(4.1) u{t,x)=v{ ^- - w^^^xi/J , (t,x)e [0,oo)x 

Equivalently, v{T,y) = u{e'^'^ — l,ye'^) for (r, y) G [0, oo) x R^ and it follows from (II. ip . 
(II. 2p that V solves 



(4.2) drV = y-\/v + q\\/v\'^ + qe-^P-'^'^^ ApV, (r,?/) G (0, cx)) 

(4.3) v{0) = uo, yeR"". 



X 



bN 



We also infer from (12. ip and (12.20 that there is a positive constant 6*5(^0) depending only 
on A^, p, q, and Uq such that 

(4.4) IK'(r)|U + ||Vy(r)|U < ^5(^0) , r > , 
while (II. 4p reads 

(4.5) lim ||t;(r)|U = Moo>0. 
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Formally, since p > q, the diffusion term vanishes in the large time limit and we expect the 
large time behaviour of the solution v to (14. 2p . (14.31) to look like that of the solutions to the 
first-order Hamilton- Jacobi equation 

(4.6) drW — y -Vw — q \Vw\'' = in Qoo • 

Now, to investigate the large time behaviour of first-order Hamilton- Jacobi equations, an 
efficient approach has been developed in PH [22] which relies on the relaxed half-limits 
method introduced in [5]. More precisely, for (r, |/) G (0, oo) x M.'^ , we define the relaxed 
half-limits w* and v* by 

(4.7) v^{y) := liminf v{a + X,z) and v*{y) := limsup v{(t + \,z). 

(a,z,X)^{T,y,oo) {cT,z,X)^{T,y,oo) 

These relaxed half-limits are well-defined thanks to (14. 4p and we first note that the right-hand 
sides of the above definitions indeed do not depend on r > 0. In addition. 



(4.8) 0<v,{x) <v*{x) < M^ for ye 



)iV 



by (14. 5p . while (14. 4p and the Rademacher theorem ensure that v^, and v* both belong to 
iy^'°°(M^). Finally, by [21 Theoreme 4.1] applied to equation (14.21) . v* and v^ are viscosity 
subsolution and supersolution, respectively, to the Hamilton-Jacobi equation 



(4.9) n{y,Ww) := -y-\/w-q\\/w\'^ = in 



dJV 



We now aim at showing that v* and f * coincide. However, the equation (14. 9 p has infinitely 
many solutions as y i — > {c — 'jq Iz/I'^^*-'^"^^) , solves (14. 9 p for any c > .The information 
obtained so far on v^, and v* are thus not sufficient and are supplemented by the next two 
results. 

Lemma 4.1 Given e G (0, 1), there is R^ > 1/e such that 

(4.10) v{T,y)<e for r>0 and y G M^ \ 5(0, i?^ , 

andO <v^{y) <v*{y) < s for y e R^\B{0,Rs). 

In other words, f (r) belongs to Co(ffi^) for each r > in a way which is uniform with 
respect to r > 0. 

Proof. We first construct a supersolution to (14.21) in (0, cxo) x M^ \ B{0,R) for R large 
enough. To this end, consider R > R^. := 1 + {q {2 ||iio||oo)'^~"^ + 3pg (2 ||tio||cx>)^~^) and 
put S_R,(y) = ll^olloo R^ \y\~^ foi' y ^ ^'^ \ B{0, R). Let £ be the parabolic operator defined 
by 

Cw{T,y):=drw{T,y)-y-Vw{T,y)-q\Vw{T,y)\'^-qe ^^ '^'^'^ Apw{T,y) 
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for (r, y) e Qoo (so that £w = by (jl^D). Then, if y G M^ \ 5(0, R), we have 

29 /V -I- 9 — Sn 

£E^(y) = 2 S«(y) - g — 2^(2/)" + q 2^~' , .^ ^ S^(y)^-^ e-(P-'^)^ 

r R2{g-l) , ^ p2{p-2)-^ 

> 2 E«(y) 1 - g (2 IIt/oIIoo)^-' ^^ - 3m e-(^-'')^ (2 UnolUr' j^^ 

> 2 SR(y) {1 - g (2 llnolloo)""' R~' - 3pq e"(P-'')^ (2 UnolUr' i?""} 

> 

by the choice of R. Consequently, S/j is a supersolution to (14. 2p in (0, oo) x R^ \ B{0, R) 
for R > Re. 

Now, fix e G (0, 1). Since uq G Co(M^), there is pe > ina.x{Rc,e~^} such that uo{y) < e/2 
if ||/| > Pe- We then infer from the nionotonicity of Tjr and (12.11) that 



uo{y)-'--E,M<-^M<Q 



if \y\ > Pe and \z\ > pe 



v{r,y)---^pXz) < \\uo\\oo-^pM = Sp^(y) - Sp,(z) < -^ Iv - z\ 

^ Pe 

if \y\ = Pe, \z\ > Pe, and r > 0, and 

v{T,y) - - -Sp^(z) < ||no||oo - ll^olloo < 

if \y\ > Pe, l-^l = Pe, and r > 0. As f — e/2 and Sp^ are subsolution and supersolution, 
respectively, to (14.21) . the comparison principle [HI Theorem 4.1] warrants that v{t, y)—s/2 < 
Tjp^{y) for r > and \y\ > pe- It remains to choose Re > Pe such that T,p^{y) < s/2 
for \y\ > Re to complete the proof of (14.101) . The last assertion of Lemma l4.ll is then a 
straightforward consequence of the definition (14.71) and (I4.10p . D 

We next use the semiconvexity estimate ( II. lip (and more precisely its consequence stated 
in Corollary 13. 4p to show that f* lies above the profile H^q defined in ( II. 6p . 

Lemma 4.2 For y G M^, we have 

(4.11) H^{y)<vM<v*{y). 

Proof. For r > 0, y G M^, ^o e M and ^ G R^ , we set T{t, y, ^o,0 ■= ^o - V ■ ^ - Q 1^1'' + 
K2 e~^^~'^'^ with K2 := q ki e^ /{e'^ — 1), the constant Ki being defined in (II. lip . It then 
readily follows from Corollary 13.41 that 

(4.12) V is a supersolution to jF(r, y, 9^w, Vw) = in (l,oo)x]R^. 
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We next fix tq > 1 and denote by V the (viscosity) solution to 

drV-yVV-q\VV\'^ = 0, (r,y)G(ro,oo)xM^, 

V{ro) = v{to), yeR''. 

On the one hand, a straightforward computation shows that the function V defined by 
V{t, y) := V{t, y) - k^ f e'^^-^)'* ds , (r, y) G (tq, oo) x 



'to 



is the (viscosity) solution to J-'{T,y,drV ,VV) = in (ro,oo) x M^ with initial condition 
^(to) = ^'('^o)- Recalling (14.121) . we infer from the comparison principle that 

(4.13) V{T,y)<v{T,y) for (r, y) G (tq, oo) x M^ . 

On the other hand, it follows from Proposition lA. II that 



lim sup 



V{T,y)-{\\v{To)U-%\yV'^'~'^). 



0. 



We may then pass to the limit as r ^ oo in (I4.13P and use the definition (14. 7p to conclude 
that 

(IK'(ro)IU - % ^1"/^"-'^)+ - «:2 / e-(^-^)^ ds < v^{y) < v*{y) 

J TO 

for y G M^. Letting tq — > oo in the above inequality with the help of (14.51) completes the 
proof of the lemma. D 

We are now in a position to complete the proof of Theorem ll.il To this end, fix e G (0, 1). 
Lemma [4.11 ensures that v*{y) < e for \y\ > Rg > 1/e while the continuity of Hoo implies 
that there is r^ G {0,e) such that Hoo{y) > M^o — s for \y\ < r^. Recalling (14.81) . we realize 
that 

{ v*{y)-e<Q<H^{y) if \y\ = R,, 

(4.14) <^ 

{ v*{y) -e<M^-e< H^{y) if \y\ = r, . 

Moreover, introducing il){y) = — 7^ \y\'^^^'^~^y2, we have 

(4.15) n{y, V4j{y)) = ^^^^ \y\^/^^~'^ (^1 - ^) > if r, < \y\ < R, , 

the Hamiltonian Ti being defined in (14.91) . Summarizing, we have shown that Hoo and v* —e 
are supersolution and subsolution, respectively, to (14. 9 P in fig := jy G M^ : r^ < \y\ < Re] 
with V* — e < Hoo on dQ^ by (14.140 . Owing to (14.150 and the concavity of 7i with respect 
to its second variable, we may apply [THl Theorem 1] to conclude that v* — e < Hoo in ^e- 

16 



This property being valid for each e G (0, 1), we actually have v* < Hoo in M^ by passing 
to the limit as e ^ thanks to the properties of r^ and R^. Recalling (14. lip , we have thus 
established that v* = v^, = iJoo in ^^ ■ In particular, the property v* = v^, and the definition 
fl4.7p provide the uniform convergence of {v{T)}r>Q towards v* = Hao on every compact 
subset of M^ as r — »■ oo, see [21 Lemme 4.1] or [U Lemma V.1.9]. Combining this local 
convergence with Lemma 14.11 actually gives 

(4.16) lim ||t;(r)-i/oo||oo = 0. 

T— >00 

Theorem 11.11 then readily follows after writing the convergence f l4.16p in the original variables 
(t, x) for the function u and noticing that ||/ioo(l + ^) ~ ^oo(^)||oo — ^ as t — > oo. D 



5 Limit value of ||t^(t)|| 



oo 



This section is devoted to the proof of Proposition II. 4[ for which three cases are to be 
distinguished and handled differently: g G (l,p — 1], g G (p — 1, gj, and q G (gv,,p). 

Proof of Proposition II. 4t q G (1, p — 1]. We proceed as in p^ Proposition 1] (where a 
similar result is proved for p = 2 and q = 1). For a > N/2, 5 > 0, and x G M^, we set 
gs{x) := {1 + 5 Ixl"^)'" . Clearly, gs e L\R^) and it follows from ([23D that 

— / gs{x) u{t,x) dx = / {q5{x) \\/u{t,x)\'' — \'Vu{t,x)\'^~'^ Vu{t,x) ■ Wgsix)^ dx 

> I Q5{x) iv^(t,x)r (i-\vu{t,x)r^-'^ ivg^(x)i \ ^^^ 

Recalling that ||Vn(t)||oo < ||Vno||oo by (11.31) and (12.21) and noticing that \V gs] < a 5^^'^ gs, 
we further obtain 



d 
dt 



f gs{x) u{t,x) dx> f gs{x) |Vu(t,x)|^ {l - a 5^^^ llVuoll^"^"") dx . 
Choosing 6 = || VmoIIoo'^ jo? and integrating with respect to time give 

||M(t)||oo ll^^lli > / g&{x) u{t,x) dx> \ gs{x) uo{x) dx > . 



We then pass to the limit as t — ^ oo to conclude that Moo > 0. D 

We next turn to the case q G {p — l,q^] which turns out to be more complicated and requires 
two preparatory results. 
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Lemma 5.1 Assume that g G (1, g^] and let u be a non-negative solution to (11. ip . (11. 2p with 
a compactly supported initial condition Uq satisfying (11.31) . Then u{t) G L}{M.^) for each 
t > 0, the function t i — > ||u(t)||i is non- decreasing and 

(5.1) lim ||n(t)||i = oo. 

t^oo 

Proof. For every t > 0, u{t) is bounded and compactly supported by (12.11) and Proposi- 
tion [221 and is thus in L^{M.^). The time monotonicity of the L^-norm of u then readily 
follows from (12.31) with -(? = 1, a valid choice in this particular case as u{t) is compactly 
supported. It further follows from (12. 3p with ?9 = 1 that 

(5.2) ||u(t)||i > ||n(T)||i+ M|Vn(s)||^ds for t > T > . 

Consider next T > and t > T. Recalling the Gagliardo-Nirenberg inequahty 

(5.3) \\w\U < Ce II Vw;||f '^-^)/(^(«-^)+'') WwWf''^'-'^^''^ , w G W'^iR"") n L^(M^) , 
we infer from (15. 2p . (15.31) . and the time monotonicity of the L^-norm of u that 

||^(,)||i+(.VA^(.-i)) > |mt)||f/^(-^) (\HT)h+ fwvuismds 



l|V«(5)||, 

V JT 

> Cr l\\\u{s)r,y''^'''^^'^^''^'''^ ds. 

If ip denotes the solution to the p-Laplacian equation dt^p — App = in Qoo with initial 
condition (y9(0) = uq, the comparison principle readily implies that 

(5.4) p{t,x) <u{t,x) , {t,x)eQoo- 

Inserting this estimate in the previous lower bound for ||M(t)||i, we end up with 

(5.5) ||n(t)||;+(^'/^(^-^» > Cr f [MsW^)^''^''"'^^'^"'^''-'^ ds . 
Now, by Proposition 12.31 we have 

li^ ^7V(.-l)/(A.(p-2)H-rt ||^(,)_S(,) 11^ = 

and 



|» ,, (^^Wi-n^ ^N(q~l)/{N{p~2)+p) 
\'^\Wo\\l\'')\\n ~ ^^ ^ 



so that 



11^(^)11? > 



> s 
> 



II II II \'^ 

(Cs- \\ip{s) - BiiuowA^^- 



Bu 



-Niq-l)/(N{p-2)+p) 



9iy g-N{q~l)/{N{p~2)+p) 



for s > T, provided T is chosen sufficiently large. Inserting this estimate in ( 15. 5p gives 



\u 



l + [qyNig~l)) 
1 




iog(t/r) 

We then let t ^ oo to obtain the claimed result. 



^Niq-l)/{N{p-2)+p) ^^ 
^{N+l){q,-q)/{N{p~2)+p) _ j.(N+l){q,-q)/{N{p~2)+p) jf ^ ^ f^^^ ^^^ 



if q = q*- 



D 



We next argue as in [121 Lemma 14] (for p = 2) to show that, if g G {p — l,p) and Mqo = 0, 
then the L°°-norm of u{t) decays faster than an explicit rate. 



Lemma 5.2 Assume that g G {p — l,p) and let u be a non-negative solution to (11.11) . (11.21) 
with an initial condition uq satisfying (11.31) . //Moo = in (ll.4p . then 



(5.6) 



Ht)\\oo < Cu t-(p-9)/(29-p) for t > . 



Observe that the assumptions p > 2 and g G {p — l,p) imply that 2q > p and {p — q)/{2q — 
p) > 0. 

Proof. Consider a non-negative function rj G C°°(M^) with compact support in 5(0, 1) and 
||?7||i = 1. We then define a sequence of mollifiers {r]s)s by r]s{x) := ri{x/6)/6'^ for x G M^ 
and 5 G (0, 1). For (t, Xq) G Qoo and T > t, we take 'i9(x) = ris{x — Xq) in (12.31) and infer 
from (ILTTD (with s = t/2) that 

||M(r)||oo > / u{T,x) ris{x -Xq) dx 



> 



> 



> 



u{t, x) ■r]s{x — Xq) dx — / / |Vu(s, x)|^ "^ \/u{s,x) ■\/'ris{t,x ~ Xq) dxds 

Jt Jri^ 

u{t, x) r]s{x - xo) dx - 2^/^ ki u[-) / (2s - typ/" ds 

\2/ oo Jt 

/ - \ (p~q)/q 
u{t, x) 7]s{x - Xo) dx-Ci2 ui-] (tii-pyp - T^1~P)/P) . 
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Owing to the continuity of u, we may pass to the hmit as 5 —> in the above inequahty and 
deduce that 



\u(T)\\oo > u(t,xo) -Ci2 



u 



{v~q)/q 



U{q~p)/p _ j'{q-p)/p\ 



But the above inequahty is vahd for all xq G M and we thus end up with 



\u(T)\\oo > \\u 



-C, 



oo — '-'12 



{p~q)/q 



U{'i~p)/p _ j'{q~p)/p\ 



Finally, as g < p, we may let T ^ cxd in the previous inequality and use the assumption 
Mr^ = to conclude that 



k(t)||oo<Ci2 



t 
U I - 

2 



(p-q)/q 



fi<l-p)/p ^ 



or, equivalently, as 2q > p. 

f{p-~q)/{2q~p) II 

for t > 0. Introducing 



u 



< C 



A{t) := sup {s 
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(p-q)/(2q-p) 



{p~q)/{2q~p) 



U 



{p-q)/q 



UiS 



se{o,t) 



)}e[0,oo), t>0^ 



we deduce from the previous inequality that A{t) < C13 A(t)^P ^^Z"^, whence A{t) < C 
for t > 0. This bound being valid for each t > 0, the proof of fl5.6p is complete. 

Proof of Proposition II. 4t g G (p — 1, g^]. 



q/{2q-p) 
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D 



Step 1: We first consider a compactly supported initial condition uq satisfying (11.31) and 
assume for contradiction that M^o = 0. On the one hand, according to Lemma [5.21 and the 
assumption q < q-,,, there holds 



(5.7) hmsupt^/(^(P-2)+P) 

t— >oo 



\U 



< Q^^ ^(N(p+l)(q-q.))/([2q-p)iNip-2)+p)) < Q^^ 



On the other hand, fix to > and let if be the solution to the p-Laplacian equation dt^p — 
Apip = in Qoo with initial condition (p{0) = u(to). As uq is compactly supported, so is u(to) 
by Proposition 12.21 and M(to) thus belongs to L^(M^). Moreover, the comparison principle 
warrants that u{t, x) > ip{t — to, x) for (t, x) G [to, cxo) x M^. We then infer from the above 
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properties and Proposition 12.31 that, for t > to, 

> (t - to)^/(^(^-^)+^) ||%(to)lu(t-to)|L 



Using once more Proposition 12.31 we may pass to the hmit as t — > oo in the previous 
inequahty to obtain 

(5.8) hminf t^/(^(P"2)+p) ||^(^)||^ > ^^^ ||w(to)||f ^^^"'')+"^ . 

t— »oo 

Combining fl5.7p and fl5.8p yields ||M(to)||i ^ C*i5 for all to > which contradicts Lemma [5. II 
Therefore, Moo > 0. 

Step 2: Now, if uq is an arbitrary initial condition satisfying (11. 3p . there clearly exists a 
compactly supported initial condition uq satisfying ( 11. 3p and such that uq > uo in IR^- 
Introducing the solution u to (11.11) with initial condition uq, the comparison principle entails 
that M > M in Qoo, hence 

Moo > lim \\u{t)\\oo. 

t—*oo 

The first step of the proof ensures that the right-hand side of the above inequality is positive 
which completes the proof. D 

It remains to investigate the case q G {q-k,p), for which we adapt the proof of [TJ Theo- 
rem 2.4(b)]. 

Proof of Proposition ll.4t q E iq*,p)- We put 

mo := inf Apno(y) 

As in the proof of Lemma [5.11 let rj G C°°(M^) be a non-negative function with compact 
support in 5(0,1) and ||?7||i = 1, and define a sequence of moUifiers {ris)s by r]s{x) : = 
ri{x/5)/5^ for x G M^ and 5 G (0,1). For (t,xo) G Qoo and T G (0,t), we take ^(a;) = 
7]s{x — Xq) in (12. 3p and infer from (11.111) (with s = 0) and Corollary 13.31 that 



^(t)||oo > / u{t, x) ris{x — Xq) dx 



> / uo{x) rjs{x — Xq) dx 



/ / |Vm(s,x)|^ "^ 'Vu{s,x) ■ 'V'r]s{t,x — Xq) dxds 
Jo Jr'^ 



> / uo{x) ris{x — Xq) dx — rriQ ds — ki ||uo||^ '^'''^ / s ^'"^ ds 
Jr'v Jo Jt 

> [ Uo{x) ris{x - xo) dx-Tmo- de HmoII^""^/'' (t(i~p)/p _ t^-rt/p) . 
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Owing to the continuity of uq, we may pass to the hmit as 5 —> in the above inequahty 
and deduce that 

lk(t)||oo > uoixo) -Tmo- Ci6 Wuolf^^'^ (Tii-p)/p _ t^i-p)/p) . 

Since q < p, we may let t ^ cxd in the above inequahty and take the supremum with respect 
to xq to conclude that 

M > \\iiJ\ —Tmr. — r.n II7;„I|(P~'J)/'J T^1~p)Ip 
^Vioo ^ ||"0||oo J '''0 '-'16 ||"0||oo -^ 

Next, for (3 G (0, 1), the choice T = ||no||c» (/5 + mo)~''^^ in the previous inequality yields 

Moo > holl^-^^/^ dl^ll^'^ - (1 + Cie) {(3 + mo)(^~«)/^) . 
This inequality being valid for every /5 G (0, 1), we conclude that 

M^ > WuoWt"''/'' [Wuolt" - (1 + Cie) m^^-^)/^) > 

as soon as (TTTOD is fulfilled with kq = (1 + Cie)^/'?. □ 



A Convergence for the Hamilton-Jacobi equation ( 14.61 ) 



In this section, we study the large behaviour of non-negative solutions to the Hamilton-Jacobi 
equation (14. 6p with initial data in Co(M^) and show their convergence to a steady state 
uniquely determined by the L°°-norm of the initial data. Though the large time behaviour 
of solutions to first-order Hamilton-Jacobi equations has received considerable attention in 
recent years (see [H [121 [2T], [22] and the references therein), the particular case of (14.61) 
does not seem to have been investigated in the literature. We thus provide a simple proof 
relying on the Hopf-Lax-Oleinik formula. 

Proposition A.l Let q > 1 and consider a non-negative function Hq G Co(M^). Let h be 
the unique viscosity solution to the Cauchy problem 

(A.l) drh-y-Vh-q\\/h\'^ = 0, (r, y) G (0, oo) x M^ , 

(A.2) h{0) = ho, yeR^. 

Then 

(A.3) lim||Mr)-/i.|L = 

T— >00 

with 

the constant 7^ = (g — 1) q~i/(i~^) being defined in Theorem ] 1.1[ 
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Thanks to the concavity of the Hamiltonian H{y,^) = -y ■ ^ - q |{|^, {y,0 G K^ x M^, 
with respect to its second variable, the Hopf-Lax-Oleinik formula provides a representation 
formula for the solution h to (lA.ip . flA.2p which can be used to prove flA.3l) . 

Proof. We first recall that h is given by the Hopf-Lax-Oleinik formula 

19/(9-1) /_^ _^„5^N-l/(g-l)" 



z& 



h{T, y) = sup <^ ho{z) - 7^ \y - z e~ 



for {r,y) G [0, 00) x M^, see, e.g., [TOl Chapter 3]. Since h{T,y) > ho^ye'^) > 0, we have in 
fact 

-r|9/(9-l) /1 ^_g^^-l/(g-l)^ 



/i(r, y) = sup <^ ho{z) - 7^ \y - z e~ 



(1-e--)- 



sN 



for (r, y) G [0, cx)) x 
Consider now /5 G (0, 1). As ho G Co(M^), there is R^ > (||/io||oo/7g)^'^"^^/'^ such that 

(A.4) ho{z)<f3 for 1^1 >/?/?. 

On the one hand, if (r, y) G [logi?/3, 00) x M^ and z G M^, we have either \z\ > Rp and 

-t|9/(9-i) /i „-(;T^-l/(g-l)^ (u I ^\ „ i^.i'j/C'j-i 



/io(^) -Iq \y- z e~ 

< (ho{z) -7g \y-z e 

< 2 f3 

by (jAD) or ^ G B{0, Rp) and 



(1 



e-«")' 



^o(^) -7g |y| 



-r|g/(g-i) 



(l-e--)-^/^^-^^) +(/.o(.)-7. b^^"^^) 



< 



/io(2) -Iq \y- z e 
9/(9-1) 



19/(9-1) 



(l-e-O"'^'"0 -{ho{z)-^,\yf^^^'^) 



Iq y- z e 



(^ _g-,.^) -1/(9-1) _^ 



7g 



I -r\<]/iq-l) I m/(Q-l) 

m — 2; e — \y\ 



,9/(9-1) 



-1/(9-1) 



< 7, (|y|+i?,e-0^^^^-^^ |(l-e--) 

as r > log-R/3. Combining the above two estimates give 
h{T,y)- sup |(/io(^)-7jy|^/(^-i)) 

< C{q) {\y\ + lf^'-'^ {(l-e-^O 
whence 
(A.5) \h{T,y)-hs{y)\<C{q) {\y\ + l) 



I g7g 
-1/(9-1) 



_^Nl/(y-l) 



1 + i?/3 e"" 



2; e 



+ 
1/(9-1) 



l + Rpe-^\+2p, 



^/(^-^) J (1 - 6"^-)^'/^""'^ _ 1 + i?^ e-- K 2 /? 
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for (r, y) G [logi?/3,oo) x M^. On the other hand, if r > log^Rp), \y\ > Y := 1 + 
(||^o||oo/7q)'''^~"^''^'^ and z G M^, we have either \y — z e~'^\ >Y — 1 and 



ho{z) --fg \y- z e \ (1 - e " j 

{||/io||oo (1-e-''^) 



< 


(1- 


-e-)- 


-1/(9-1) 


< 


(1- 


-e-)' 


-l/to-l) 


< 


0. 







..^V(.-i)_^^ |y_,,-.|./(.-i) 



or|?/ — 26 '^\ <Y — 1 and 

kl > |y e^l - |2 - y e^l > y e^ - (F - 1) e^ = e^ > i?^ , 

so that 

ho{z} - -fg \y - z e \ (1 - e "^ j < (3 

by flA.4l) . Therefore, 

( A.6) h{T, y)<(3 for (r, y) G [log Rp, oo) x M^ \ B(0, F) . 

The claim (IA.3P then easily follows from flA.Sp and flA.6p . D 
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